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In this letter we study the non-equilibrium spin dynamics in the non-integrable spin-1 XXZ
chain, emerging after joining two macroscopic pure states with different magnetizations. Employing
the so-called time-dependent variational principle (TDVP) we simulate the dynamics of the total
magnetization in the right (left) half of the system up to times that are normally inaccessible by
standard tDMRG methods. We identify three distinct phases depending on the anisotropy of the
chain, corresponding to diffusive, marginally super-diffusive and insulating. We observe a transient
ballistic behaviour with a crossover time that diverges as the isotropic point is approached. We
conclude that on intermediate-large time scales the dynamics is well described by the integrable
Landau-Lifschitz classical differential equation.
Introduction. One of the greatest quests of out-of-
equilibrium statistical physics is obtaining an appropri-
ate classical description of quantum non-equilibrium phe-
nomena on hydrodynamical scales. While this has been
achieved to large extent in integrable systems [1–6], holo-
graphic theories [7–9], or at low temperature [10–12], it
remains an open question when generic systems are un-
der consideration. Nonetheless, it has recently been pro-
posed that an appropriate description might be provided
by the time-dependent variational principle (TDVP) [13–
16] which, in contrast with standard tensor network ap-
proaches [17] includes the conservation of local integrals
of motion. The TDVP dynamics provides an effective
non-linear classical time evolution on the space of matrix-
product states (MPS) at fixed bond dimension and it is
therefore expected to thermalize with similar qualitative
[16, 18], and in some cases also quantitative [16], features
as the underlying quantum evolution of a generic quan-
tum system. Such systems are expected to exhibit dif-
fusive transport behaviour in general but it has recently
been proposed that transport near-equilibrium might be
altered even on intermediate-long time scales by the pres-
ence of global symmetries (despite the absence of inte-
grability) [19–21]. This scenario was questioned in [22],
showing the necessity of probing the interplay between
charge transport and global symmetries in a more con-
trolled set-up.
In this letter, we consider the transport properties of
the non-integrable anisotropic spin-1 chain far from equi-
librium. In particular we focus on two setups, the so-
called domain wall and twisted initial conditions [23–33],
which are experimentally relevant, and widely used for
probing the transport and non-equilibrium dynamics in
many-body systems [34–37]. We compute the time evolu-
tion using the TDVP algorithm at fixed bond dimension
up to times ∼ 103, in units of spin coupling and com-
pare it with the results obtained by a standard tDMRG
algorithm. We observe that the time evolution of the
time-integrated current, namely the total magnetization
flowing from one side of the chain to the other, converges
rapidly with the bond dimension employed in the simu-
lation.
The TDVP simulation with bond dimension 1 corre-
sponds to the classical mean-field evolution [38], while a
larger bond dimension keeps the information about quan-
tum correlations. As we approach the isotropic point, we
find that the quantum dynamics qualitatively resembles
the classical evolution in continuum space. Remarkably
in the easy-plane regime ∆ < 1 the spin transport is bal-
listic up to a crossover time, which appears to diverge
as ∆ approaches 1−. In the isotropic case ∆ = 1 the
spin dynamics has the same qualitative behaviour as in
the continuous classical integrable Landau–Lifshitz (LL)
partial differential equation (4) [39, 40], which indeed dis-
plays anomalous spin diffusion for non-twisted domain
wall initial state [31, 32]. In the easy-axis regime ∆ > 1
we find insulating spin dynamics for any value of the
twist.
Our results show that the large-time spin hydrodynam-
ics of the domain wall initial state in a non-integrable
chain close to its SU(2) isotropic limit is qualitatively
described by the continuous Landau–Lifshitz partial dif-
ferential equation, which is integrable, up to extremely
large times and it suggests that even in a non-integrable
model one can observe anomalous spin transport up to
the experimentally accessible times. While our work does
not discuss standard linear-response spin diffusion con-
stant at finite temperature, it points out that it might
also be strongly affected by the corresponding classical
dynamics.
The model and the domain wall quench. In this
letter we will consider the spin-1 XXZ Hamiltonian
Hˆ =
L/2∑
j=−L/2
Sxj S
x
j+1 + S
y
j S
y
j+1 + ∆S
z
j S
z
j+1, (1)
where Sx,y,z are the spin-1 representation of the SU(2)
spin operators, and ∆ is the anisotropy parameter. In
order to study its non-equilibrium dynamics we consider
ar
X
iv
:1
91
0.
11
25
5v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
4 O
ct 
20
19
2� �� �� ��� ��� ����
�
��
��
���
j0(t)
<latexit sha1_base64="i8AlAHRtFPXrxGJ JJGifOWGemHk=">AAAB7XicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY9OKxgv2ANpTNdtNuu8m G3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCRwqDrfjtr6xubW9uFneLu3v7BYenouGlU qhlvMCWVbgfUcCli3kCBkrcTzWkUSN4KxnezeuuJayNU/IiThPsRHcQiFIyitZqjnlvBi16p7F bducgqeDmUIVe9V/rq9hVLIx4jk9SYjucm6GdUo2CST4vd1PCEsjEd8I7FmEbc+Nl82yk5t06 fhErbFyOZu78nMhoZM4kC2xlRHJrl2sz8r9ZJMbzxMxEnKfKYLT4KU0lQkdnppC80ZygnFijT wu5K2JBqytAGVLQheMsnr0LzsupZfrgq127zOApwCmdQAQ+uoQb3UIcGMBjBM7zCm6OcF+fd+V i0rjn5zAn8kfP5A5HqjnQ=</latexit><latexit sha1_base64="i8AlAHRtFPXrxGJ JJGifOWGemHk=">AAAB7XicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY9OKxgv2ANpTNdtNuu8m G3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCRwqDrfjtr6xubW9uFneLu3v7BYenouGlU qhlvMCWVbgfUcCli3kCBkrcTzWkUSN4KxnezeuuJayNU/IiThPsRHcQiFIyitZqjnlvBi16p7F bducgqeDmUIVe9V/rq9hVLIx4jk9SYjucm6GdUo2CST4vd1PCEsjEd8I7FmEbc+Nl82yk5t06 fhErbFyOZu78nMhoZM4kC2xlRHJrl2sz8r9ZJMbzxMxEnKfKYLT4KU0lQkdnppC80ZygnFijT wu5K2JBqytAGVLQheMsnr0LzsupZfrgq127zOApwCmdQAQ+uoQb3UIcGMBjBM7zCm6OcF+fd+V i0rjn5zAn8kfP5A5HqjnQ=</latexit><latexit sha1_base64="i8AlAHRtFPXrxGJ JJGifOWGemHk=">AAAB7XicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY9OKxgv2ANpTNdtNuu8m G3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCRwqDrfjtr6xubW9uFneLu3v7BYenouGlU qhlvMCWVbgfUcCli3kCBkrcTzWkUSN4KxnezeuuJayNU/IiThPsRHcQiFIyitZqjnlvBi16p7F bducgqeDmUIVe9V/rq9hVLIx4jk9SYjucm6GdUo2CST4vd1PCEsjEd8I7FmEbc+Nl82yk5t06 fhErbFyOZu78nMhoZM4kC2xlRHJrl2sz8r9ZJMbzxMxEnKfKYLT4KU0lQkdnppC80ZygnFijT wu5K2JBqytAGVLQheMsnr0LzsupZfrgq127zOApwCmdQAQ+uoQb3UIcGMBjBM7zCm6OcF+fd+V i0rjn5zAn8kfP5A5HqjnQ=</latexit><latexit sha1_base64="i8AlAHRtFPXrxGJ JJGifOWGemHk=">AAAB7XicbZBNS8NAEIYnftb6VfXoZbEI9VISEfRY9OKxgv2ANpTNdtNuu8m G3YlQQv+DFw+KePX/ePPfuG1z0NYXFh7emWFn3iCRwqDrfjtr6xubW9uFneLu3v7BYenouGlU qhlvMCWVbgfUcCli3kCBkrcTzWkUSN4KxnezeuuJayNU/IiThPsRHcQiFIyitZqjnlvBi16p7F bducgqeDmUIVe9V/rq9hVLIx4jk9SYjucm6GdUo2CST4vd1PCEsjEd8I7FmEbc+Nl82yk5t06 fhErbFyOZu78nMhoZM4kC2xlRHJrl2sz8r9ZJMbzxMxEnKfKYLT4KU0lQkdnppC80ZygnFijT wu5K2JBqytAGVLQheMsnr0LzsupZfrgq127zOApwCmdQAQ+uoQb3UIcGMBjBM7zCm6OcF+fd+V i0rjn5zAn8kfP5A5HqjnQ=</latexit>
J0(t)
<latexit sha1_base64="fDHaHUwNeB2To5HHqXcXGItJX7k=">AAAB7XicbZBNS8NAEIYnft b6VfXoZbEI9VISEfRY9CKeKtgPaEPZbDft2k027E6EEvofvHhQxKv/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs14gympdDughksR8wYKlLydaE6jQPJWMLqZ1 ltPXBuh4gccJ9yP6CAWoWAUrdW867kVPOuVym7VnYksg5dDGXLVe6Wvbl+xNOIxMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YjGnEjZ/Ntp2QU+v0Sai0fTGSmft7IqORMeMosJ0RxaFZrE3N/2qd FMMrPxNxkiKP2fyjMJUEFZmeTvpCc4ZybIEyLeyuhA2ppgxtQEUbgrd48jI0z6ue5fuLcu06j6MAx3ACFfDgEmpwC3VoAINHeIZXeHOU8+K8Ox/z1hUnnzmCP3I+fwBgyo5U</latexit><latexit sha1_base64="fDHaHUwNeB2To5HHqXcXGItJX7k=">AAAB7XicbZBNS8NAEIYnft b6VfXoZbEI9VISEfRY9CKeKtgPaEPZbDft2k027E6EEvofvHhQxKv/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs14gympdDughksR8wYKlLydaE6jQPJWMLqZ1 ltPXBuh4gccJ9yP6CAWoWAUrdW867kVPOuVym7VnYksg5dDGXLVe6Wvbl+xNOIxMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YjGnEjZ/Ntp2QU+v0Sai0fTGSmft7IqORMeMosJ0RxaFZrE3N/2qd FMMrPxNxkiKP2fyjMJUEFZmeTvpCc4ZybIEyLeyuhA2ppgxtQEUbgrd48jI0z6ue5fuLcu06j6MAx3ACFfDgEmpwC3VoAINHeIZXeHOU8+K8Ox/z1hUnnzmCP3I+fwBgyo5U</latexit><latexit sha1_base64="fDHaHUwNeB2To5HHqXcXGItJX7k=">AAAB7XicbZBNS8NAEIYnft b6VfXoZbEI9VISEfRY9CKeKtgPaEPZbDft2k027E6EEvofvHhQxKv/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs14gympdDughksR8wYKlLydaE6jQPJWMLqZ1 ltPXBuh4gccJ9yP6CAWoWAUrdW867kVPOuVym7VnYksg5dDGXLVe6Wvbl+xNOIxMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YjGnEjZ/Ntp2QU+v0Sai0fTGSmft7IqORMeMosJ0RxaFZrE3N/2qd FMMrPxNxkiKP2fyjMJUEFZmeTvpCc4ZybIEyLeyuhA2ppgxtQEUbgrd48jI0z6ue5fuLcu06j6MAx3ACFfDgEmpwC3VoAINHeIZXeHOU8+K8Ox/z1hUnnzmCP3I+fwBgyo5U</latexit><latexit sha1_base64="fDHaHUwNeB2To5HHqXcXGItJX7k=">AAAB7XicbZBNS8NAEIYnft b6VfXoZbEI9VISEfRY9CKeKtgPaEPZbDft2k027E6EEvofvHhQxKv/x5v/xm2bg7a+sPDwzgw78waJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs14gympdDughksR8wYKlLydaE6jQPJWMLqZ1 ltPXBuh4gccJ9yP6CAWoWAUrdW867kVPOuVym7VnYksg5dDGXLVe6Wvbl+xNOIxMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YjGnEjZ/Ntp2QU+v0Sai0fTGSmft7IqORMeMosJ0RxaFZrE3N/2qd FMMrPxNxkiKP2fyjMJUEFZmeTvpCc4ZybIEyLeyuhA2ppgxtQEUbgrd48jI0z6ue5fuLcu06j6MAx3ACFfDgEmpwC3VoAINHeIZXeHOU8+K8Ox/z1hUnnzmCP3I+fwBgyo5U</latexit>
� �� �� ��� ��� ����
�
��
��
���
� � �� ��
�
�
��
��
� �� �� ��
�
��
��
(a)
<latexit sha1_base64="BKGr7 biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6p HL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1 /47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcv EqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNy P6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7 nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3 fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2Nxk IzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMA pVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1 K</latexit><latexit sha1_base64="BKGr7 biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6p HL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1 /47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcv EqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNy P6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7 nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3 fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2Nxk IzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMA pVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1 K</latexit><latexit sha1_base64="BKGr7 biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6p HL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1 /47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcv EqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNy P6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7 nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3 fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2Nxk IzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMA pVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1 K</latexit><latexit sha1_base64="BKGr7 biD8bs6vR07uqIRaFmeSsY=">AAAB6nicbZBNS8NAEIYn9avWr6p HL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1 /47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcv EqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNy P6FCJUDCK1nqo0vN+ueLW3LnIKng5VCBXo1/+6g1ilkZcIZPUmK7 nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3 fExmNjJlEge2MKI7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2Nxk IzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMA pVMGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCIrY1 K</latexit>
(b)
<latexit sha1_base64="8I96tkwj/RW4eiH+RYu4CyLmEHs=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqoBuf9csWtuXORVfByqECuRr/81RvELI24Qi apMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG89jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVHzLN9fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c2Rzo vz7nwsWgtOPnMMf+R8/gCKMo1L</latexit><latexit sha1_base64="8I96tkwj/RW4eiH+RYu4CyLmEHs=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqoBuf9csWtuXORVfByqECuRr/81RvELI24Qi apMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG89jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVHzLN9fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c2Rzo vz7nwsWgtOPnMMf+R8/gCKMo1L</latexit><latexit sha1_base64="8I96tkwj/RW4eiH+RYu4CyLmEHs=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqoBuf9csWtuXORVfByqECuRr/81RvELI24Qi apMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG89jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVHzLN9fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c2Rzo vz7nwsWgtOPnMMf+R8/gCKMo1L</latexit><latexit sha1_base64="8I96tkwj/RW4eiH+RYu4CyLmEHs=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqoBuf9csWtuXORVfByqECuRr/81RvELI24Qi apMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNUpObPOgISxtk8hmbu/JzIaGTOJAtsZURyZ5drM/K/WTTG89jOhkhS5YouPwlQSjMnsbjIQmjOUEwuUaWF3JWxENWVo0ynZELzlk1ehdVHzLN9fVuo3eRxFOIFTqIIHV1CHO2hAExgM4Rle4c2Rzo vz7nwsWgtOPnMMf+R8/gCKMo1L</latexit>
(c)
<latexit sha1_base64="+d rzaGTNR+rF8ButYp4pDNYpm0w=">AAAB6nicbZBNS8NAEIY n9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf 0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3N reK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6j QPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqosvN+ueLW3Ln IKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhL IxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MK I7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXK tLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMG DK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCLt4 1M</latexit><latexit sha1_base64="+d rzaGTNR+rF8ButYp4pDNYpm0w=">AAAB6nicbZBNS8NAEIY n9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf 0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3N reK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6j QPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqosvN+ueLW3Ln IKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhL IxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MK I7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXK tLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMG DK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCLt4 1M</latexit><latexit sha1_base64="+d rzaGTNR+rF8ButYp4pDNYpm0w=">AAAB6nicbZBNS8NAEIY n9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf 0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3N reK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6j QPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqosvN+ueLW3Ln IKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhL IxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MK I7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXK tLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMG DK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCLt4 1M</latexit><latexit sha1_base64="+d rzaGTNR+rF8ButYp4pDNYpm0w=">AAAB6nicbZBNS8NAEIY n9avWr6pHL4tFqJeSiKDHohePFe0HtKFstpt26WYTdidCCf 0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3N reK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6j QPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nqosvN+ueLW3Ln IKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhL IxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MK I7Mcm1m/lfrphhe+5lQSYpcscVHYSoJxmR2NxkIzRnKiQXK tLC7EjaimjK06ZRsCN7yyavQuqh5lu8vK/WbPI4inMApVMG DK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwCLt4 1M</latexit>
(d)
<latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZ PUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnR fn3flYtBacfOYY/sj5/AGNPI1N</latexit><latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZ PUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnR fn3flYtBacfOYY/sj5/AGNPI1N</latexit><latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZ PUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnR fn3flYtBacfOYY/sj5/AGNPI1N</latexit><latexit sha1_base64="SZk5LnPonUPohVbP2eUGsVQzThc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHoh ePFe0HtKFsNpt26WYTdidCKf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNUCoOu++0U1tY3NreK26Wd3b39g/LhUcskmWa8yRKZ6E5ADZdC8SYKlLyTak7jQPJ2MLqd1dtPXBuRqEccp9yP6UCJSDCK1nqohuf9csWtuXORVfByqECuRr/81QsTlsVcIZ PUmK7npuhPqEbBJJ+WepnhKWUjOuBdi4rG3PiT+apTcmadkESJtk8hmbu/JyY0NmYcB7Yzpjg0y7WZ+V+tm2F07U+ESjPkii0+ijJJMCGzu0koNGcoxxYo08LuStiQasrQplOyIXjLJ69C66LmWb6/rNRv8jiKcAKnUAUPrqAOd9CAJjAYwDO8wpsjnR fn3flYtBacfOYY/sj5/AGNPI1N</latexit>
� �� �� ��� ��� ����
�����
�����
�����
�����
�����
�����
� �� �� ��� ��� ����
�����
�����
�����
�����
�����
�����
FIG. 1. Left: Log-Log plot of the time evolution of the local spin current j0(t) = 〈DWθ|jˆ0(t)|DWθ〉 in the domain wall
initial state with θ = pi/4 and ∆ = 0.5 (a) and ∆ = 0.8 (c) in the spin-1 chain, obtained by TDVP time evolution with bond
dimensions χ. We do not observe a clear convergence of the time evolution in bond dimension. Right: Log-log plot of the
integrated spin current J0(t) =
∫ t
0
j0(t
′)dt′, for the same parameters as on the left, ∆ = 0.5 (b) and ∆ = 0.8 (d). A convergence
of the time evolution of J0(t) in bond dimension for χ > 2 can be observed at all times. Insets: comparisons between data from
TDVP time evolution and an exact TEBD evolution at short times.
a class of the tilted domain wall initial states
|DWθ〉 =
0⊗
j=−L/2
(
e−iθS
y
j | ↑〉
) L/2⊗
j=1
(
eiθS
y
j | ↑〉
)
. (2)
We will mostly focus on the exact domain wall θ = 0
and on the case with θ = pi/4. In the first case the two
halves of the chain are eigenstates, and the nontrivial
dynamics is generated only around the junction at j ∼
0. This is no longer true, if θ 6= 0, and in this case
the system is expected to thermalize to an equilibrium
thermal ensemble with the opposite local magnetization
〈Szj 〉. In order to study spin dynamics, we focus on the
time-integrated local current j0 = S
x
0S
y
1 − Sy0Sx0
J0(t) =
∫ t
0
dt′〈DWθ|jˆ0(t′)|DWθ〉 ∼ tz(t), (3)
which corresponds to the total magnetization transferred
through the junction. The domain wall quenches were
extensively studied in the past years in the integrable
spin-1/2 chain [31, 32, 41–44]. Recently it was pointed
out that the spin dynamics close to the isotropic point
∆− 1 = δ ∼ 0 is qualitatively described by the classical
LL model [31, 32],
∂t~Sx,t = ~Sx,t × ∂2x~Sx,t + ~S × J~S, (4)
where ~Sx,t is a classical three component vector field,
normalized as ~Sx,t · ~Sx,t = 1, and J = diag(0, 0, δ). In
[31] it was shown that this model exhibits a vast range
of transport phenomena: transport is ballistic if δ < 0,
and insulating if δ > 0. At the transient point δ = 0,
the melting of the maximally polarized domain wall is
marginally super-diffusive, and purely diffusive if θ 6= 0.
The late time behavior can be summarized with
J0(t) −−−→
t→∞

∝ t if δ < 0
∝ t0 if δ > 0
∝ t1/2(log(bt))d if δ = 0 and θ = 0
∝ t1/2 if δ = 0 and θ 6= 0
(5)
where b, d > 0.
In the quantum spin-1/2 chain a similar behaviour has
been observed. Spin transport is indeed log-anomalous
at ∆ = 1 for a non-twisted domain wall [44, 45], and dif-
fusive for a twisted initial conditions [46]. In the ∆ < 1
regime the transport is ballistic, which can be understood
within the framework of the generalized hydrodynamics
[1, 47]. While the ballistic transport is a consequence of
quasi-local conserved operators (due to the integrability
of the chain), which prevent the current from decaying
[48–51], the anomalous diffusion at ∆ = 1 in the quantum
chain is still lacking a theoretical explanation. One of
the major open questions related to transport in 1D sys-
tems, which we wish to address in this letter is therefore
whether anomalous transport is merely a consequence of
integrability, or if it is related to the global symmetry of
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FIG. 2. Top: plot of the exponent z(t) obtained by dynamical
fitting inside the interval [t, t+ 34) for the domain wall initial
state with θ = 0 for different values of ∆ of the spin-1 chain
with TDVP time evolution with χ = 20 (the function z(t) is
converged in bond dimension up to oscillations). We observe
a crossover from ballistic to diffusive with a crossover time
that increases as ∆ → 1−. At ∆ = 1 we observe super-
diffusive transport with log-corrections as in the LL classical
dynamics up to arbitrary times (black line on top of ∆ = 1
data is a fitting function z(t) = 1/2 + κ/ log t, with κ ' 0.48.
Bottom: the same data is displayed as in the plot on top but
for the twisted domain wall initial state with θ = pi/4. We
observe similar crossover from ballistic to diffusive transport
for ∆ < 1 and purely diffusive behavior at ∆ = 1.
the model and to its emergent classical hydrodynamical
description.
Time evolution with MPS: TDVP time evolu-
tion. As the model (1) is non-integrable we have to
resort to numerical simulations in order to compute its
dynamics. The state of the art methods for probing dy-
namics of one-dimensional systems are based on MPS,
which encode the information about the state locally, in
terms of matrices Asi ∈ Cχi−1×χi as
|Ψ[A]〉 =
d∑
{s−L/2,...,sL/2}
As−L/2 . . . AsL/2 |s−L/2, . . . , sL/2〉,
(6)
where d = 3 corresponds to the dimension of the local
Hilbert space.
Initially the system is in a product state, χ = χi = 1,
however, due to the rapid growth of entanglement en-
tropy SEE(t), the bond dimension χi ∼ expSEE should
be increased exponentially with time in order to keep the
error under control [52]. Accordingly to the ideas of hy-
drodynamics, most of the information about the state is
irrelevant for the large scale description of the charges
and their currents, so one might attempt to capture the
correct hydrodynamics by fixing the bond dimension χ,
and keeping only judicially chosen parts of information
about the quantum correlations [16]. This can be ac-
complished efficiently by employing the TDVP algorithm
[13, 14, 53], whose time evolution is given by
d|Ψ[A]〉
dt
= −iPMχHˆ|Ψ[A]〉, (7)
where PMχ is the projector to the manifold of MPS with
a fixed bond dimension χ. In contrast with other MPS–
based methods TDVP preserves energy and single–site
integrals of motion. The approach was used to com-
pute linear response dynamics in quantum chains at in-
finite temperature [16], and it required an ensemble av-
erage over initial conditions. In [18] it was shown that
the method captures the dynamical exponents of non-
integrable (and non-free) spin chains precisely, however,
it might fail to reproduce the correct quantitative val-
ues of the transport coefficients, i.e. diffusion constants.
Here we focus on the dynamics of a single initial state,
and argue that the TDVP captures the qualitative fea-
tures of the time-integrated spin current in the non-
integrable chain (1). While the value of the current j0(t)
depends strongly on the bond-dimension χ, this is not the
case for the time–integrated j0(t), see Fig. (1). This is a
consequence of the ergodicity of the chaotic trajectories
[15] in the phase space of MPS wave functions. While
any single trajectory depends strongly on the bond di-
mension, the relaxation to the phase space average that
we are probing with the time integration does not.
Main results. The TDVP dynamics for the bond
dimension χ = 1 corresponds to the classical
mean field evolution. If we consider the Hamilto-
nian (1), the time-evolution coincides with that of
a classical Heisenberg chain Hcl =
∑
j
~Sj · ~Sj+1,
where ~Sj = (sin θj cosφj , sin θj sinφj , cos θj) is the 3-
dimensional spin vector at site j, which can be equiv-
alently represented by the product state |Ψχ=1〉 =⊗L/2
j=−L/2
(
e−iφjS
z
j e−iθjS
y
j | ↑〉
)
. Let us stress that the
classical Heisenberg model is non-integrable, however its
continuous limit corresponds to the integrable LL equa-
tion (4). Increasing the bond dimension results in more
4J0(t)
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FIG. 3. Plot of the time-integrated current J0(t) for the
spin-1 chain with ∆ = 1.5 using TDVP time evolution with
different bond dimensions χ and with the exact TEBD evo-
lution. Top: domain wall with θ = 0. We observe insulating
behaviour with periodic oscillations that converge with small
bond dimension. Bottom: for the domain wall with θ = pi/4
we again observe insulating behaviour for any bond dimen-
sion, although the profile does not show a clear convergence
in bond dimension χ.
complicated classical Hamiltonian dynamics, and the nu-
merical results suggest that the qualitative transport be-
haviour is converged already using a very small bond di-
mension χ ∼ 6.
In Fig. (2) we plot the dynamical exponent z for the
growth of the time-integrated current for θ = 0. In the
regime ∆ < 1 we observe a sharp crossover from ballistic
z = 1, to a transient sub-diffusive regime with z < 1/2,
which is compatible with the restoration of normal dif-
fusion z = 1/2 at later times. As ∆ approaches 1 from
the left, the crossover time increases, and we observe no
deviation from ballistic behaviour up to times of order
103 for ∆ = 0.8 and ∆ = 0.9. At ∆ = 1 we find
anomalous diffusion with logarithmic corrections, namely
J0(t) ∼
√
t(log(bt))d with d, b > 0 up to the maximal
times considered. In Figure 2 the dynamical exponent
z(t) are obtained with numerical simulations with bond
dimension χ = 20, but the qualitative features of the
profile are independent of χ for values larger than χ ∼ 4.
Interestingly the TDVP time evolution at any maximal
bond dimension shows the same transport dynamics as
the classical integrable LL equation up to crossover times
that diverge as we approach the isotropic point. A heuris-
tic explanation of this behaviour at θ = 0, based on the
energy conservation was offered in [32]. Initially, energy
is concentrated around the link j = 0. Due to the fi-
nite value of energy in the system, neighbouring spins
are mostly aligned, making the quantum dynamics effec-
tively classical and regulated, up to very large scales, by
the LL equation (4).
If θ = pi/4 (and in general θ 6= 0) the two halves are
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FIG. 4. Plot of the entanglement entropy evolution SEE(t)
after the domain wall quench with ∆ = 1.5 obtained with ex-
act TEBD simulation for θ = 0 and θ = pi/4. In the first case
we observe saturation of entropy with periodic oscillations,
while in the second case entropy increases linearly with time
(we observe the same behavior for ∆ < 1 and θ = pi/4).
no longer eigenstates of the chain for ∆ 6= 1, and each
side of the chain undergoes non-equilibrium time evo-
lution. One would expect that two sides of the chain
far from the junction thermalize, and that the system
displays normal diffusion. We observe, however, simi-
lar behaviour as for the pure domain wall θ = 0, where
the spin transport becomes ballistic as ∆ approaches the
isotropic value. For any ∆ < 1 the initial state has finite
energy density throughout the chain, which makes the ar-
gument from [54] inapplicable. While the crossover time
is shorter than in the case of θ = 0, one can still observe
ballistic dynamics up to very large times, O(102), even
for ∆ ∼ 0.8. Instead at ∆ = 1 we find normal diffusion in
analogy with the classical LL evolution in the presence of
a finite twist θ. Interestingly, for ∆ > 1 the transport is
insulating both for the pure and the twisted domain wall,
see Fig. 3. However, while we observe the convergence
of the integrated current with bond dimension for θ = 0,
the results do not seem to converge for the twisted initial
conditions. Interestingly the domain wall θ = 0 shows
persistent periodic oscillations of magnetization, see Fig.
3, and also of entanglement entropy, see Fig. 4. This
behavior is reminiscent of scarred quantum states [55],
where in particular, periodic orbits in the semi-classical
TDVP time evolution can be identified [56]. While in
the classical model the absence of transport is related to
the presence of static soliton solutions [31, 32] and their
“breathing” modes, our analysis suggests that even the
non-integrable spin-1 quantum chains posses eigenstates
which have a large overlap with semi-classical localized
states. On the other hand the case with θ = pi/4 shows
linear growth of entanglement, see Fig. 4, despite the ab-
sence of transport. We are however unable to determine
whether TDVP results are correct at large times in this
case, since there is no convergence of the integrated cur-
rent with the increasing bond dimension. This is likely
related to the lack of ergodicity in the MPS phase space
and not to the entanglement growth, since the same lin-
ear growth is observed also for ∆ < 1, where the inte-
grated current converges with the bond dimension.
5Conclusions and outlook. We have studied the
dynamics of tilted and non-tilted domain wall state un-
der the unitary evolution generated by the XXZ spin-1
chain. We have employed TDVP time evolution which
shows rapid convergence of the dynamics of total mag-
netization on one half of the chain with increasing bond
dimension. Close to the isotropic point the TDVP dy-
namics gives qualitatively the same behaviour as the LL
integrable partial differential equation of motion. Despite
the non-integrability of the chain the domain wall melts
with logarithmic super-diffusion for all times in isotropic
chain and exhibits ballistic behaviour in the easy-plane
regime up to very large time, which seems to diverge
as the isotropic point is approached. In the easy axis
regime, the system exhibits insulating behaviour even in
the case of twisted domain wall, where one would naively
expect diffusive transport. Our work confirms that a
non-integrable quantum lattice model can be described
by an integrable classical model and that the integrabil-
ity breaking effects can be absent for arbitrarily large
times.
An interesting future perspective is to relate the time
scales regulating the transition from ballistic to diffu-
sive transport in the ∆ < 1 regime, to the other ther-
modynamic quantities at play (energy density) and the
anisotropic parameter ∆. Moreover the sharp transi-
tion between ballistic dynamics to the intermediate sub-
diffusive regime that we observe here for the domain wall
state is also an interesting unexplained phenomena. A
relevant question is if such a transition always occurs if
the SU(2) symmetry is perturbed. Finally the mecha-
nism regulating the insulating behaviour, and saturation
of entanglement entropy in the quantum chain for ∆ > 1
remain to be uncovered.
Here we restricted our discussion to the out-of-
equilibrium spin dynamics arising from a single initial
state, however the nature of the transport at finite tem-
peratures remains controversial [19–22]. Our results sug-
gest that close to the isotropic point the dynamics of
the quantum non-integrable chain may be well described
by its classical counterparts, which is expected to show
anomalous super-diffusive dynamics [57, 58] up to very
large times. It seems that the TDVP time evolution is a
promising candidate to answer these questions.
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